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Abstract: In this paper, it is proved the limit theorem for distribution functions p® (t),k>2 


of k —th entrance times in V, (x,). 
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The theory of homeomorphisms of the circle is one of the important directions of modern theory 
of nonlinear systems. Its creation is connected mainly with the names of outstanding 
mathematicians A. Poincare, A. Danjoy, A.N.Kolmogorov, V.IL.Arnold, Yu.Moser, M.R.Herman, 
J.C.Yoccoz, Ya.G.Sinai and D.Ornstein. Circle homeomorphisms are also important for their 
applications in the natural sciences (see [1], [2], [3], [4], [5], [6], [7], [8]). For the first time 
homeomorphisms of the circle were studied in the classical work of A. Poincare [8] in 
connection with problems of celestial mechanics. 


Any orientation-preserving homeomorphisms of the unit circle S' = R'/Z' =[0,1) is given by 
the formula Tx = f(x) (modl), xe S ' here f(x)- is a continuous, strictly increasing 
function on R’, that satisfies the condition f(x+1)= f(x) +1, xeR'. The function f is 
called the defining function or the lifting of the homeomorphisms D 93 Note that the lift8 is 


defined up to an additive integer constant, but this ambiguity is eliminated by the initial 
condition 0< f(0)<1. A. Poincare showed [2] that for any xR’ there is a finite limit 


a) 


= ,, here and everywhere below f “(x)- denotes the n-th iteration of the 
no n 


function f(x). The number 9 = 9 » called the rotation number, does not depend on the choice 


of x and is the most important numerical characteristic of the homeomorphisms T, . Jlanxya 

nokazam [7], that if f € C'(R’), varIn f(x) <© and the rotation number 9 =P, — are 
s 

irrational, then there exists a circle homeomorphism f, such that i, ° T, = i ie ° ie where T, : 


x €S' is a linear rotation through an angle of , . The mapping I, is called a conjugation or a 
conjugating homeomorphisms. 

It is well known that a homeomorphisms T, with an irrational number rotation is strictly 
ergodic, i.e. has a unique probability invariant measure f° A remarkable fact is that the 


conjugation i, and the invariant measure /, are related by the relation 


Tx = M([%,x]),xEeS ' The last relation shows that the invariant measure HL, is absolutely 
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continuous if and only if @ is an absolutely continuous function. Fundamental results in the 


problem of conjugation smoothness were obtained in the works of V.I. Arnold [1], Yu. M. 
Khanin [8], J. Katznelson and D. Ornstein (see [7], [8]) and others. 


The class of circle homeomorphisms with break-type singularities has been relatively little 
studied. 


Definition 1. A point x, €S' is called a breaking point of a homeomorphisms T’,, if there are 
p b gp f 

LO, —9) 

f(x, +9) 


om (x, ) is called the break value of the homeomorphism T, at the point x, . 


finite, positive, one-sided derivatives f'(x, +0) and =o ,(x,) #1. The number 


Everywhere below we will assume that the rotation number =, is irrational. Let the 
continued fraction expansion of 9 look like: p=[k,,k,,...,k,,...],k, 21. Let's denote 
Pr 


=[k,,k,,...«,], 7 >1. The numbers q,,- are called the times of the first return and satisfy 


the difference equation: g,,, =k,49,+9,1, 221, q =1 9g, =k,. 


Let X, € S'. Let's put x, = Xe i= 1. Note that if 1 is odd, X, is to the left of X,, and if 
n- is even, to the right. Denote by V,,(x,) a closed segment connecting the points x, and 


Nona” V,(x,)- is called the n- th renormalization neighborhood of point x,. We define the 


Poincare mapping 77, :V,(x)) > V,,(x,): 


1, (x) = Tix, if xElx,, Xo); 
: Tx, if xelxy,x, 1]. 


According to the general scheme of the RG method, we are mainly interested in the behavior of 
the Poincare mapping 77,(x) as n—>©O. Since the length of the segment V, (x,) tends 
exponentially to zero and q, 0° as N—>©, it is convenient to study the behavior of 
nopeyeHue 7, (x) in the new renormalized coordinates. We introduce the renormalized 
coordinates z to V,(x)): xX =X,+2(X = X,): This shows that in the new coordinates 
X) 0, x, —>—1. Let us denote by a, and (—b,) the renormalized coordinates of points 
x, and x respectively, ie. d, = “ans 70 b = MoT Fata In new coordinates, 


n+1 Qnt9n41 n 
Xo xX; Xo XG, 


mapping 77, (x) corresponds to the following pair (f,,, g,,): 


i eas (Xp + Z(Xp = Xq, )) 7X0 7 Pat 


I (z) = p) ZE [-1,0], 
Ny gs 
m™(x, + 2(x, —x x 
ot See Te ze[0,a,], 
td a 


Sinai and Khanin showed that for sufficiently smooth diffeomorphisms functions f(z) and 
g,,(Z) are close to linear functions. 
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We define the following linear-fractional functions 
a, +(a, +b,m, )z ae Fe Ppt 


es » G,(Z)= 


1+(-m,)z a,c, +(m, —C,,)zZ 


tre f f"(y) d | 


where C,, = oo and m,, =exp > ; 
Sia, 20 (Y) 


It is well known that the transformation of the renormalization group in the set of circle 
homeomorphisms with breaks has periodic trajectories. Denote by X the set of pairs of strictly 
increasing functions (f(x), x €[—1,0]; g(x), x €[0,@]) satisfying the following conditions: 


a) f()=a, g0)=-1, f(-l)=g(@), f(i-)<0, f%-)20; 
b) f(xyeC™((-1,0]), g(x) €C**((0,a]), for some ¢>0. 


Let us define the transformation of the renormalization group R,:X > X: 
R,(f (x), XE [—1,0]; g(x), XE [0,a@]) = (f(x), XE [—1,0]; g(x), Xx €[0,a’]) > 
where f (x)=—-a' f(g(-ax)), 8(x)=-a' f (-ax), a’ =-ar'f(-1). 


Let's put c= f'(-0)- (g'(+0)) , le. C- the value of the break of the pair (f, g) at the point 
x =O. In the work of Wool and Khanin, it is proved that for a fixed c and the rotation number 
equal to the “golden ratio”, the transformation A, has a unique periodic orbit 


{ f(x), g;(x), 1=1,2} of period two. Functions f,(x,c;), g;(%c,;), 1=1,2 are: 


(a; + c;x)B, a, B, (x a (ony) 
f(x= , 8 (= , 
B, nD (ZB; + a; — C;)x a, Bc, ote (c; ie c;B,)x 
2 2 
C= Cs. 
where Q, = = Bo a,= Gait C, =C,C, = ae PB, =f, =f, . and the number 


jeg, > se. 


c+1)* 
B, — is the only root of the equation B* — B° — B’ ‘cu 


— £+1=0 belonging to the 


interval (0,1) . Using pairs (f,, g,;),i=1,2, we define circle homeomorphisms T, : 
T(x) =L( f(x), if OS x< (14a) " and T(x) =1,(¢,('(20)), if Ita,)J' <x< 1. 


The rotation numbers of these homeomorphisms are equal to the “golden section”. We will study 
the homeomorphism 7, . The homeomorphism 7, is studied in a similar way. The 


homeomorphism T, will be re-denoted by T, . Denote by B(T,) the set of all C — 


homeomorphisms of the circle conjugate to T, . 


Theorem 1. For all mappings 7 < E(7,,) there is a unique continuous (in the Tikhonov 


topology) function U : 7, —> R' with the following properties: 
1. For any € =(E), E5505 Eps Epepoe-Eqoee) and 
b= (Bigs D gues 5e2,) out of space 7, correct 
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U(é)—U(b)| < K,c* 


where & = Q(T,,) € (O,1) and constant K, > O does not depend on é,D and k. 
2.Lletlsr<n, A(a,,d»,...,a,) €&,(%-T), 
A(Q,,4p,---4,) €&,.(X,T), NM Gin Oy sth CAG Oy). 
Then 
I(A(a; 55...) )) = (A(ay,5,...,a,))x 
x (14 Y (Gj. 40500058, )3 T )x 
n 
x exp{ YUGG. eG) 
s=r+l] 
where Vv, (,,4,,...,4, 3 T) <consta’ . 
Let n21 and V, (x,) - n— be the renormalization neighborhood of the point x, € S ee 


Let's define EY (x)=min{i2=1: T;X EV (%)}, 


EY (x) = min{i= |i (x): TEX EV, (x%))},k 21. Consider random variables 
D(x) = EY (x)- Bee (x) . Note that D" (x) = Eo (x) takes values from 1 to g,,, . 
while D® (x) takes only two values: g, and g,,, . Let us introduce normalized random 


— (k) = 
variables: Dn (x)=q)" D(x) . The problem is to study the convergence of the 


n+l 


Pie hes : : Hn) Be Bee ols 
distribution function for random variables Dn (x) as n—0o , as well as their limiting 
distributions. 


Denote Fy) =M,({xe S' -Dy (x) <t}),teR' . Note that the functions F(t) 
coincide with the corresponding distribution functions for linear rotation Z . De Faria and 
Coelo proved that, depending on the rotation number /, the limit distribution of the convergent 
subsequence {FO (t)} is either uniform or continuous and piecewise linear on the interval 


[0,1] . And in case k >1 the limit distribution for a convergent subsequence (eG )} is 


either the distribution of a random variable X =1 or a stepwise distribution with two 
discontinuity points. 


= (k) 
Let us denote by ®‘’(t) the distribution function of Dn (x) with respect to the Lebesgue 
—~(k) 
measure 1: OD“ (t)=1({xeES':D, (x)<t}), teR’. If a diffeomorphism T,, is smoothly 
conjugate to a linear rotation T, , then for the sequence {OD (t)} all the above statements 


related to {FO )} are also valid. On the other hand, for circle homeomorphisms with one 
breakpoint (or with several breakpoints lying on the same orbit and with a non-trivial product of 
breakpoints) and with an irrational rotation number (, , the conjugating homeomorphism i is 
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singular. Take an arbitrary circle homeomorphism T € B(Zp) . Recall that E (x) means the 
time k— of the point xe S$ : hitting the m—th renormalization segment V,,. Let's denote 
D® (x) =E“ (x) - EE (x), xeES ! The random variable D® (x) takes only two 


values: g,, or g,,,,- We normalize it dividing by Gs 
HR) -1 pk 
Dn (X) = Gp4, D® (x) . 


—=(k 
Let us denote by po (x) the distribution function of the random variable 94 Dy (x) with 


respect to the Lebesgue measure 951 . 


—(k 
Theorem 2. Let k >1 . Then the distribution function of the random variable Di (x) with 
respect to the Lebesgue measure is given as follows: 


0, ecm t<q,q,\13 


ad 
YT Ae FA )) + 
BH ati 


Gena . 
+ ¥ 171? aa Ae), com quan St<!: 
j=0 
1, ecmu t21. 


In this paper, we formulate and prove a limit theorem for the sequence of time distribution 
functions of the k —th hit po (t), k>1. 


Theorem 3. Let a homeomorphism T € B(T,) , and @* (t) -be the distribution function of 


— (k) 
the random variable Dn (x) . Then 


1) for all ¢ © R' there is a finite limit of lim OY (1) =o (1) , 


n—->o 
with OD (t) =0 if t<O and @” (4) =1 if t21; 


2) function po (t) is a step function on [0, 1] with two points 


gap. 
Proof of Theorem 3. Suppose that k >1 . The distribution function of a random variable 


= (k : ‘ ‘ : 
Ds 65 -is a step function that takes only three values. Therefore, we will prove the existence of 


; —(k 
the limit lim D: 1) in three steps. 


nao 


1) D“ (t) =0 if <q, q,,1 . Considering 


we get that lim Do (t) =0 iff<p. 


no 
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2) We have 
(kK) (4) =] ; 
lim D, (t)=1, ifecm t>1. 
n> 


3) Now we prove the existence of the limit of the sum 


In = . nt ay 
wig Ay Aang, OF y))s > IC Ay az, AY) 
i=0 j=0 


First we have to figure out the structure of the zz, : (Aes OV,, set. 


Let's write the explicit form of the function 7,, : (x): 


ae T 4" x, ecm KE[ Ky sky.) 
Ka (x) - T 1 1 
n+ 
x, ectu xE[Xg sXq ) 
Function a *(x) , as can be seen from the last formula, has a gap only at point x = Xow 
n 


Therefore, for any interval Ee Vv, , region a (J) is an interval if Xg io E I , or the sum of 
n 


two intervals if J does not contain point X or the sum of two intervals if ¥ ,= Es 


Gn+2 ’ q 
Hence it follows that 


L (k) L, (k) 
1 —k 1 ‘ ' —k 1 2 " 
Aa Ae = Wore Ayan OC = Uw. 
m=1 p=1 
where O,, and oO, - are intervals such that @),C A #) , lsmsl,(k); 
o', S KO 1< p<l,(k) . Note that 1; (k) +1,(k)< 2* | We denote the sum (1) by S,, and 


write it in the following form: 


L(k)dy a j ly (K) dnt = ‘ 
S,= > > l(T'(@,,)) + > > (T/(a',)) 
m= i=0 p=1 j=0 
Qn-) Inst 
By virtue of the assertion of Theorem 1. [3], the sums >’ [(T'(q},)) and ps \(T/(@),)) 
i=0 j=0 


converge at 11—>©0 , hence it follows that there is a finite limit of the sum S, at S$, 0 . 
Theorem 3 is proved. 
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